The bending rigidity of two-dimensional (2D) materials is a key parameter for understanding the mechanics of 2D NEMS devices. The apparent bending rigidity of graphene membranes at macroscopic scale differs from theoretical predictions at micro-scale. This difference is believed to originate from thermally induced dynamic ripples in the atomically thin membrane. In this paper, we perform modal analysis to estimate the effective macroscopic bending rigidity of graphene membranes from the frequency spectrum of their Brownian motion. Our method is based on fitting the resonance frequencies obtained from the Brownian motion in molecular dynamics simulations, to those obtained from a continuum mechanics model, with bending rigidity and pretension as the fit parameters. In this way, the effective bending rigidity of the membrane and its temperature and size dependence, are extracted, while including the effects of dynamic ripples and thermal fluctuations. The proposed method provides a framework for estimating the macroscopic mechanical properties at high frequencies in other two-dimensional nano-structures at finite temperatures.
I. INTRODUCTION
The exceptional mechanical properties of graphene have made it a promising candidate for the next generation of 2D nano-resonators with potential applications in pressure sensing 1 , mass sensing 2,3 , and electronics [4] [5] [6] . Proper understanding of the mechanics of this material is not only of fundamental interest, but also a key step towards the development of new devices. Therefore, the elastic properties of graphene have been investigated in many theoretical and experimental studies [7] [8] [9] [10] [11] .
The bending rigidity of graphene, however, is still far from being well-understood and compared to its Young's modulus, it is much less investigated. This is due to the fact that for a single atom thick membrane, this parameter is not determined by layer thickness, but by the bending-induced changes in interactions between electron orbitals. In fact, due to its low bending rigidity as compared to the limit of the continuum plate theories, graphene is commonly assumed to have a membrane-like behavior with a negligible (zero) bending rigidity 10, 11 .
Direct measurement of bending rigidity has therefore been challenging for mono-layer graphene, as well as other atomically thin membranes. The mostly cited experimental value of 1.2 eV was derived from the phonon spectrum of graphite 12 . In another study, Lindahl et al. 9 proposed a framework for extracting the bending rigidity of a graphene membrane from the snap-through behavior of its buckled configuration. Based on the proposed method, the authors reported a bending rigidity of 7.1 eV with a large uncertainty of (−3 eV to +4 eV) for mono-layer graphene. In a more recent study, Blees et al. 13 measured effective bending rigidity of 10 3 -10 4 eV. In this study, the authors suggested significant effects of thermal fluctuations as well as static wrinkles on the obtained large bending rigidity.
On the other hand, many studies have investigated the theoretical limit of the bending rigidity of mono-layer graphene [14] [15] [16] [17] . The theoretical calculations of the bending rigidity for mono-layer graphene have a large range of 0.69 eV-0.83 eV by models using the Brenner potentials 18, 19 , and 1.4 eV-1.6 eV by semi-analytical and density functional theories 16, 17, 20, 21 . It has been reported that bond-angle effects and the bond associated with the dihedral angles are in fact the two dominant sources of the apparent finite bending rigidity of graphene membranes 16 . In addition to these effects, Roldán et al.
22
suggested that the bending rigidity of graphene at finite temperatures is also highly influenced by the thermodynamics. In 22 , the authors used a self-consistent theory of elastic membranes 23 and proposed a thermodynamical approximation for the effective wave vector dependent bending rigidity (κ) in formation of dynamic ripples:
where, T is the temperature, k B is the Boltzmann constant, κ 0 = 1 eV, A = 5.9T (η/2−1) , η =0.85, q 0 = 2π E 2D /κ 0 22,24 , and q is the wave number associated with dynamic ripples. These ripples are also shown to be large enough to affect the effective macroscopic mechanical properties of atomically thin membranes and ribbons 22, [24] [25] [26] [27] [28] .
In this paper, we propose a novel approach based on modal analysis for direct estimation of the macroscopic bending rigidity of graphene membranes. Our method incorporates the effect of Brownian motion and the resulting ripples on the bending rigidity. We determine a single bending rigidity and pretension with which our model can accurately reproduce up to 10 vibration modes and natural frequencies obtained from atomistic simulations. Furthermore, we show that our obtained bending rigidity can be best fitted with an effective wave number q eff =π/R, from Equation (1), where R is the radius of the membrane.
The proposed approach for determining the bending rigidity of graphene is outlined as follows: In Section II we employ Molecular Dynamics (MD) simulations to model the Brownian motion in the graphene membrane at finite temperatures. The natural frequencies of the MD model are obtained by applying Fast Fourier Transform (FFT) to the time signals extracted from MD. Next, in Section III, we derive a continuum mechanics (CM) model for the resonance frequencies of a prestressed circular graphene membrane as a function of its pretension and bending rigidity. Finally, by fitting the resonance frequencies obtained from the Brownian motion, to those obtained from CM, the effective bending rigidity at high frequencies is extracted. Moreover, in Section IV, the effects of different temperatures and radii of the membrane on the bending rigidity are discussed, and the results are compared to Equation (1).
II. NUMERICAL IMPLEMENTATION
In order to perform MD simulations, we use LAMMPS software 29 . In this software, the equations of motion are integrated using the velocity-Verlet integrator algorithm, with a time step of 1 fs. The simulations are performed for a circular, flat, mono-layer graphene sheet with a radius of 1-10 nm. The atoms in this structure are ordered in a hexagonal grid with an inter-atomic distance of 1.42Å(see Figure 1a) . The edges are fully clamped by restricting the translational degrees of freedom of three rows of atoms along the boundary. The forces between atoms are described by the Tersoff potential, which is commonly used for modeling the atomic interactions in diamond, graphite, and graphene 30 . Since the initial position of the atoms may not exactly correspond to equilibrium or the minimum potential state, the system is relaxed by minimizing the total potential energy. The minimization is performed by the Polak-Ribiere conjugate gradient algorithm 31 . The employed termination criteria are 1 × 10 −10 eV for energy or 1 × 10 −10 eV/Å for force. While relaxing the system, the out of plane coordinates are fixed, to prevent curling of the membrane. Next, the system is allowed to equilibrate in the constant volume and constant temperature ensemble (NVT) using the Nose-Hoover thermostat algorithm 32 . In this stage, the Nose-Hoover thermostat
The schematics of MD model. a) The circular, flat, mono-layer graphene sheet with a radius of 10 nm (blue dots), and three rows of atoms along the boundary at which the degrees of freedom is restricted (red dots). b) A snapshot of the Brownian motion of the membrane with radius of R = 10 nm, and T =300 K.
guarantees the Maxwell-Boltzmann velocity distribution. The algorithm is performed for 50 ps (i.e. 50000 time steps) to ensure a stable temperature is achieved. During thermalization, the boundaries of the membrane are fixed. This means the membrane will be tensioned, as a result of the negative thermal expansion of graphene. Finally, the vibration response is studied in an energy conserving ensemble (NVE). After the desired temperature is achieved, the thermal fluctuations of the graphene membrane are monitored for 20 ns. The atoms coordinates are saved every 0.5 ps (i.e. 500 time steps), which corresponds to approximately 20 points per vibration period of the fifth resonance of this system in 300 K. Figure 1b, shows one snapshot of the Brownian motion of a graphene membrane with a radius of 10 nm at T =300 K. The dynamic ripples due to thermal fluctuations can be clearly observed in this figure.
The time response of the position of an atom in the center of the membrane due to these thermal fluctuations over time is shown in Figure 2 . It can be observed that the range of the deflection at the center of the membrane is in the order of graphene's thickness (0.335 nm). Thus, graphene at room temperature behaves as a dynamically corrugated plate that has a corrugation amplitude similar to its thickness. This shows the importance of including thermal fluctuations in estimation of graphene's mechanical properties, and also provides a mechanism by which the effective bending rigidity of graphene depends on temperature. By applying FFT to the obtained MD time signal, the natural frequencies of the membrane are obtained. Figure 3a shows the frequency spectrum obtained by averaging the FFT responses of the time signals of the atoms.
III. IDENTIFICATION TECHNIQUE
To identify resonance frequencies, the time response shall be filtered with respect to the associated modes. This filtering is performed by using the orthogonality of vibration modes, i.e. by projecting the time response on a certain mode shape 33 . This projection shall be performed via a dot product between the snap-shots of the MD transverse motion and the vector describing the vibration modes at the position of all atoms. The analytic solutions for the mode shapes of a circular clamped membrane are used for the vibration modes 34 . For each of the mode shapes, a time-trace of the resulting dot product is determined and an FFT is applied. Figure 3b shows the filtered frequency response of the first few modes of vibrations, indicated in different colors. By determining the peak frequency of each of the mode shapes, the first 10 resonance frequencies (i.e. ω
M D i
) of the MD model are determined.
Next, we obtain the equations of motion by using the von Kárman plate theory 35 and by following Lagrangian approach. For more details about our continuum mechanics model, see the online Supplemental Material 34 . In our formulation, bending rigidity (κ) and the pretension (n 0 ) of the membrane are considered to be unknown parameters that will be calibrated by means of MD simulations. By using the proposed approach, a set of N equations describing the motion of the membrane are obtained as follows:
where M and K are the equivalent mass and stiffness matrices, respectively. Moreover, q is the vector comprising of the N time dependent generalized coordinates defining the motion of the membrane. The resonance frequencies can be directly determined from the characteristic equation of this system, i.e. det M −1 K − I(ω 2 = 0. It is worth noting that the stiffness matrix (K), and hence the obtained resonance frequencies ω CM i will be functions of the pretension (n 0 ) and bending rigidity (κ). Moreover, the obtained frequencies are independent of the value of the elastic modulus, since in the continuum framework modeling of membranes, the elastic modulus only affects the nonlinear dynamics of the membrane at large amplitudes 11 , and not the linear response. Next, the resonance frequencies from CM (i.e. ω CM i (κ, n 0 )) is numerically fitted to the obtained set of resonance frequencies from MD (i.e. ω
). The fitting is performed by a least squares method and using κ and 
FIG. 5: a)
The obtained bending rigidity κ as a function of the number of frequencies in the fitting process (blue dots) and the approximated one with q eff =π/R (red dashed line) from Equation (1) 22 , for R = 10 nm at T =300 K. b) The obtained pretension n 0 as a function of the number of frequencies in the fitting process (blue dots)
converging to a pretension of 0.43 N/m (black dashed line), for R = 10 nm at T =300 K.
n 0 as fit parameters. The squared normalized error of N resonance frequencies between the two methods is minimized, where the error is defined as:
It shall be noted that mathematically, only two resonance frequencies are needed to determine κ and n 0 , since it involves solving 2 equations with 2 unknowns. However, retaining higher modes is necessary to increase the accuracy because the radius of curvature of the membrane at higher frequency modes is relatively smaller, and therefore, the associated resonance frequencies are more sensitive to the bending rigidity. Moreover, by employing a higher number of degrees of freedom, one can assure that the model in (2) can better describe the dynamic ripples due to Brownian motion. The error between the natural frequencies obtained via CM and MD models decreases by including higher modes in the fitting process and leads to a converged value for the bending rigidity. Figure 4 shows the normalized error (e) obtained from Equation (3), as a function of the fitting parameters. This figure confirms that including higher modes in the fitting process decreases the surface area of the minimum error, and leads to a more accurate bending rigidity. These graphs clearly show the necessity of incorporating multiple modes in the approximation in order to reach a converged solution.
IV. RESULTS AND DISCUSSION
The convergence of the bending rigidity and pretension versus the number of modes retained in the fitting procedure is shown in Figure 5a and Figure 5b , respectively. It is seen that, at room temperature, by including 10 natural frequencies, the solution converges to a bending rigidity of 2.7 eV and the corresponding pretension due to thermal strain is obtained as 0.43 N/m. For E 2D = 340 N/m and Poisson's ratio ν = 0.17, this value corresponds to a thermal expansion coefficient of −3.52×10 −6 1/K at room temperature (see Equation ( first principle calculations 36 . Moreover, it can be observed from Figure 5a that the obtained effective bending rigidity is converging to the bending rigidity obtained by Equation (1) 22 when using an effective wave number q eff = π/R. It should be noted that q eff is found between discrete wave numbers that fit in the membrane. The obtained value of κ and q eff are not only affected by the simultaneous fit of 10 modes with different wavelengths, but also depend on circular geometry of the drum.
The ratio between the first 10 resonance frequencies and the fundamental frequency (ω 1 = 28.8 GHz) are shown in Figure 6 . For comparison, the results of MD simulations and those obtained from a classical membrane model (with zero bending rigidity) are also plotted in this figure. As can be observed, by using a single optimized value for pretension and bending rigidity, our CM model can very well reproduce all the 10 natural frequencies of the MD model, while it is clear that a membrane model that neglects the bending rigidity of graphene cannot capture the observed dynamic behavior, especially for the higher resonance modes.
Furthermore, using the proposed method, the temperature, and size dependence of the bending rigidity can be studied. In this regard, Figure 7 shows the obtained bending rigidity as a function of temperature. Included in the Figure is also the bending rigidity obtained from Equation (1) with q eff =π/R. As can be seen, both methods predict an increase in the bending rigidity with increasing temperature. This increase is due to entropic effects in graphene. In fact, graphene's bending rigidity resembles an entropic spring, like a rubber band, in which entropy and thermodynamics affect elasticity. In such systems, the free energy A = U − T S is a sum of the internal energy U and the product of temperature T and entropy S. The external force F needed for reversible isothermal extension of such a spring is F = dA/dx = dU/dx − T dS/dx = k(T )x. Therefore, the effective stiffness k(T ) increases with temperature due to FIG. 7: The obtained bending rigidity κ (blue dots), and the approximated one with q eff = π/R(red dashed line) from Equation (1) 22 , as a function of the temperature, for R = 10 nm.
FIG. 8:
The obtained bending rigidity κ (blue dots) and the approximated one with q eff =π/R(red dashed line) from Equation (1) 22 , at T =300 K.
the reduction in entropy (dS/dx < 0) upon elongation in the spring or rubber band. In Figure 8 , we report the bending rigidity for different radii of the membrane. It can be seen that the bending rigidity increases monotonically with the radius of the membrane, and it fits Equation (1) when q eff = π/R. With this value of q eff , for a membrane with R = 5 µm, Equation (1) suggests a re-normalized bending rigidity of 375 eV. This size dependence can be attributed to two main reasons: (i) at small scales the atoms are more bounded for free thermal fluctuations and therefore, they appear as relatively less dynamic as compared to larger scales; and (ii) at small scales the macroscopic and microscopic bending rigidities are physically nondistinguishable. As a result, our obtained bending rigidity at R = 1 nm is close to the microscopic temperatureindependent values of 1.4 eV-1.6 eV 16, 17, 20, 21, 24 .
V. CONCLUSIONS
In conclusion, we used modal analysis for direct estimation of the macroscopic bending rigidity of graphene membranes at high frequencies. The current work confirms that the bending rigidity in graphene membranes depends on the temperature and membrane size. In particular, the size-dependence of the bending rigidity is a special property that is not encountered in macroscopic systems. Moreover, our obtained bending rigidity is in agreement with the size-dependent renormalized bending rigidity predicted by the statistical mechanics of elastic membranes. Our method is not only suitable for obtaining the bending rigidity of graphene but is also useful for characterization of other nano-materials at high frequencies, while incorporating thermal fluctuations.
